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Using a displacement operator formalism, I analyze the depopulation of the vibrational ground sta
of trapped ions. Two heating times, one characterizing short time behavior and the other long tim
behavior, are found. The long time behavior is analyzed for both single and multiple ions, and a formu
for the relative heating rates of different modes is derived. The possibility of correction of heating via
the quantum Zeno effect, and the exploitation of the suppression of heating of higher modes to redu
errors in quantum computation, is considered. [S0031-9007(98)06590-9]

PACS numbers: 42.50.Vk, 03.67.Lx, 32.80.Pj, 42.25.Kb
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Individual or multiple ions can be confined in a radio
frequency Paul trap and using sophisticated laser te
niques cooled to the quantum mechanical ground st
[1,2]. Such systems allow experimental tests of fund
mental principles, such as the preparation and measu
ment of nonclassical motion states [3] or the observati
of superradiance [4], and are therefore of great current
terest. Furthermore, important technological applicatio
for such systems, such as very precise frequency stand
[5] or the practical implementation of quantum compu
tation [6], have recently attracted considerable attentio
The accuracy of trapped ion frequency standards derive
part from the reduction of Doppler broadening of atom
transitions due to trapping and cooling. In a trapped io
quantum computer, information will be transferred be
tween different ions (which constitute the quantum bit
or “qubits” of the computer) using quantum states of th
collective motion of the ions in the harmonic confining po
tential; if these motional quantum states become degrad
the information will be lost. Thus the maintenance of th
trapped ions at a very low temperatures is of great impo
tance for both of these applications. In particular, of th
many practical difficulties for ion trap quantum computer
one of the most important is the very fragile nature of th
motional ground state. In this Letter I present a theoretic
analysis of the depopulation of the motional ground state
ions due to ambient classical electromagnetic fields, wh
can be loosely characterized as heating (although it sho
be stressed that relaxation to a thermal distribution isnot
considered here).

Various analyses of decoherence mechanisms in
trap quantum computers have been carried out [7–1
Such effects as spontaneous emission [8–10] or deph
ing due to the ions’ zero-point motion [7] have been co
sidered. Also the relaxation of an ion to a thermal sta
has been considered using a perturbation method, valid
describing long time behavior [12]; other work has bee
done on the effects of laser amplitude and phase sta
ity [13]. In this Letter I adopt a different approach tha
that normally used in analysis of decoherence problem
When the ambient electromagnetic fields can be trea
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classically, the equations of motion reduce to a solvab
system. One can dispense with the density matrix/mas
equation formalism, using instead the interaction pictu
to solve exactly for the wave function describing the sta
of the ion, thereby obtaining a formula for the populatio
remaining in the ground state. An average of this pop
lation over the field fluctuations yields simple expressio
for the depopulation.

In the interaction picture the Hamiltonian describing th
interaction of a single ion of massM with a classical
electric fieldEstd is given by the following formula:

Ĥ  ih̄fustdây 2 upstdâg , (1)

where ustd  ieEstd expsiv0tdy
p

2Mh̄v0, e being the
ion charge andh̄ Planck’s constant divided by2p. I
am considering only the motion of the ion along th
weak confinement axis of an anisotropic trap, of the so
suitable for quantum computation; thusEstd represents
the component of the electric field along that axis. Th
harmonic binding potential is characterized by the angu
frequencyv0. The operatorŝa (ây) are the zero time
annihilation (creation) operators for the harmonic motio
of the ion in the harmonic well.

The dynamics of such a driven quantum harmon
oscillator can be solved exactly [14,15]. The wav
function at some instantt is related to the initial wave
function by the following expression:

jcstdl  expfifstdgD̂fystdg jcs0dl , (2)

whereD̂fyg  expfyây 2 ypâg is the displacement op-
erator,fstd is a phase factor (which turns out to be unim
portant for the current problem), and the amplitudeystd is
given by the formula

ystd ;
Z t

0
ust0ddt0


ie

p
2Mh̄v0

Z t

0
Est0d expsiv0t0ddt0. (3)
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As a figure of merit, let us introduce an average fidelit
of the ground state, defined by the following formula:

Fstd  kjkcstdjcs0dlqj2lf , (4)

wherek· · ·lq denotes a quantum mechanical average, a
k· · ·lf an average over an ensemble of realizations of t
classical random fieldEstd. If one assumes that the ion
is initially in the ground state, then its state evolves int
a coherent state of amplitudeystd. Thus the probability
of remaining in the ground state can be found in close
form, and the fidelity of the ground state is given by th
formula

Fstd  kexpf2jystdj2glf . (5)

If one assumes Gaussian statistics for the classical rand
field Estd [16] (which can be justified by assuming tha
the field is due to many uncorrelated random sources, a
then invoking the central limit theorem), the average ove
the field ensemble can be determined by performing
integration using the appropriate probability distribution
The result is as follows:

Fstd  f1 1 2kjystdj2lf

1 skjystdj2lfd2 2 jkystdystdlf j2g21y2. (6)

An alternative measure of the heating is the mea
excitation number, defined by

n̄std  kfkcstd jâyâjcstdlqglf . (7)

Using Eq. (2) and Eq. (11.3-13) of Ref. [15], this can b
rewritten as

n̄  kfk0jn̂ 1 ypstdâ 1 âyystd 1 jystdj2j0lqglf

 kjystdj2lf . (8)

The correlation functions appearing in Eqs. (6) and (8
can be evaluated using Eq. (3). Using the symmet
property of the autocorrelation function, one obtains

kjystdj2lf  V2t2
Z 1

0
s1 2 xdgEsxtd cossxv0tddx , (9)

kystd2lf 
V2t
v0

expsiv0td

3
Z 1

0
gEsxtd sinfs1 2 xdv0tgdx , (10)

wheregEstd  kEst 1 ty2dEst 2 ty2dlf ykEstd2lf is the
degree of correlation of the fieldEstd (which is real)
and the characteristic transition rateV is given byV q

e2kEstd2lfyMh̄v0. Since I have implicitly assumed that

Estd is stationary,kEstd2lf is independent of time.
For an exponential degree of correlation given b

gEstd  exps2jtjyT d, the integrals given in Eqs. (9) and
(10) can be evaluated in closed form:

kjystdj2lf  n̄std


T
t1

fexps2tyTd cossv0t 1 2fd

2 coss2fd 1 tyTg , (11)
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kystd2lf 
T
t1

expsiv0td fexps2tyT d sinsfd

1 sinsv0t 2 fdg , (12)

where tanf  v0T and the heating timet1 is given by
the formula

1
t1



√
e2kEstd2lf

Mh̄v0

!
T

1 1 v
2
0T 2

. (13)

Examples of the fidelity calculated using these results a
shown in Fig. 1. These show that revivals of the groun
state populations can occur when the heating field h
both a low amplitude and a long coherence time.

Two limiting cases are of interest, namely, the behavi
for short times and for very long times. For shor
times (i.e.,t ø T , 1yv0) the mean excitation number and
fidelity are given by

n̄std ø 1 2 Fstd 

√
1 1 v

2
0T 2

2Tt1

!
t2 1 Ost3d . (14)

This result, i.e., that for short times the “decay” o
the ground state population is nonexponential, allow
the possibility of maintaining the ion in its ground
state via thequantum Zeno effect[17,18]. If repeated
measurements of the ground state population can be m
on time scales much shorter than1yv0, then the ion
will in principle remain in the ground state for a much
longer time. However, as the quadratic behavior persi
for a short time only (see Fig. 1), such a techniqu
would be very difficult to implement. Furthermore, by
invoking the time-energy uncertainty principle, one ca
see that measurements carried out on time scales m
less than1yv0 will result in excitation of higher number

FIG. 1. The fidelity of the ground state as a function o
time, illustrating the results given in Eqs. (6), (11), and (12
The parameters used were as follows: curve (a) v0T  1,
v0t1  1; curve (b) v0T  1, v0t1  8.5; curve (c) v0T 
1, v0t1  41; and curve (d) v0T  1, v0t1  128.5.



VOLUME 81, NUMBER 2 P H Y S I C A L R E V I E W L E T T E R S 13 JULY 1998

he
r
a
tic

e

lly

e
s

t
d

nt
states. Also this technique will not preserve the coheren
of superpositions of different phonon number state
which occur during the implementation of gate operation
Hence it is unlikely that the Zeno effect will be a practica
method of error correction.

One can find asymptotic expressions forFstd and n̄std
in the long time limitt ¿ T , 1yv0:

n̄std ,
1
t1

st 2 t0d , (15)

Fstd ,
t1

t
, (16)

where t0  Ts1 2 v
2
0T 2dys1 1 v

2
0T 2d. These results

are in qualitative agreement with that obtained earli
by Lamoreaux [12] using a perturbative density matri
approach.

We can estimate the magnitude of the ambient elect
field which causes the heating of the ions by assuming th
the coherence timeT is roughly equal to1yv0. Equation
(13) then implies that the rms electric field strength
given by the formula

Erms 
q

Mh̄v
2
0ye2t1 . (17)

Using data from the mercury ion experiment de
scribed in Ref. [1] [i.e., M  3.29 3 10225 kg,
v0  s2pd4.66 MHz], a heating time t1  135 ms
impliesErms ø 3 3 1023 V m21.

Let us now consider the case of multiple ions confine
in a linear configuration. Because the ions are intera
ing via the Coulomb force, their motion will be strongly
coupled. The small amplitude fluctuations are best d
scribed in terms of normal modes, each of which ca
be treated as an independent harmonic oscillator [19].
there areN ions in the trap, there will be a total ofN such
modes. I will number these modes in order of increa
ing resonance frequency, the lowest (p  1) mode being
the center of mass mode, in which the ions oscillate
if rigidly clamped together. In the quantum mechanica
description, each mode is characterized by creation a
annihilation operatorŝay

p and âp (wherep  1, . . . , N).
The Hamiltonian in this case is given by the expression

Ĥ  ih̄
NX

p1

fupstdây
p 2 up

pstdâpg , (18)

where

upstd 
ieq

2Mh̄v0
p

mp

NX
n1

Enstdbspd
n expsipmp v0td .

(19)

In Eq. (19),Enstd is the electromagnetic field at thenth
ion of the string, b

spd
n is the nth element of thepth

normalized eigenvector of the ion coupling matrix [19]
mp being its eigenvalue. Again the evolution of the sta
ce
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of the ions can be solved exactly,

jcstdl  expfiFstdg
NY

p1

D̂pfypstdg jcs0dl , (20)

whereD̂pfypg  expfypây
p 2 yp

pâpg is the displacement
operator for thepth mode, and

ypstd 
Z t

0
upst0d dt0. (21)

As before, one can find a closed form expression for t
fidelity of the ground state of the string of ions. Fo
multiple ions, the mean excitation number is given by
formula analogous to Eq. (16), where the characteris
decay time is given by

tN  t1

"
NX

p1

NX
m,n1

b
spd
m b

spd
n

p
mp

gmn

#21

, (22)

gmn being the degree of coherence of the field at th
positions of ionsn and m evaluated for zero time delay
[15] (the field having been assumed to be cross-spectra
pure [20,21]), and the coherence timeT has been assumed
to be much less than1yv0. In the coherent limit (gmn 
1), the formula fortN reduces to the following simple
expression:

tN 
t1

N
, (23)

while in the incoherent limit (gmn  dm,n), tN is given
by the formula

tN  t1

"
NX

p1

1
p

mp

#21

. (24)

The sum can be worked out from the eigenvaluesmp,
which must be determined numerically in general. Th
results are shown in Fig. 2. The separation of ion

FIG. 2. The heating time of the ground state for differen
numbers of ions, in the spatially coherent (plain curve) an
spatially incoherent (dashed curve) limits for the ambie
electric field.
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is generally of the order of a few tens of micron
Electromagnetic radiation with frequencies of the ord
of MHz has wavelengths of hundreds of meters, so t
the coherence length of the radiation can be expecte
be much larger than the separation of the ions. There
it is the coherent limit that is the important one, at lea
for small numbers of ions.

One can also consider the mean excitation number
the different modes. These quantities are given by exp
sions analogous to Eq. (8), with the heating time of t
pth mode, when there areN ions in the string, given by

tN ,p 

p
mpPN

m,n1 b
spd
m b

spd
n gmn

t1 . (25)

In the coherent and incoherent limits, the heating times
the different modes are given by

tN ,p 

Ω
t1yN p  1
` p . 1 coherent (26)

tN ,p 
p

mp t1 incoherent. (27)

The heating times for the coherent case is potentially a v
important result. Only the lowest (p  1) center of mass
mode will be heated up by spatially coherent fields. Th
the state of the ion oscillations is given by

jcstdl  expifstd hjy1stdl1 ≠ j0l2 ≠ j0l3 ≠ · · · ≠ j0lNj ,

(28)

the modes other than the center of mass mode remainin
their ground states. Since (with a few exceptions) each
couples with each phonon mode, any one of these mo
can be utilized as a quantum information bus in an exac
analogous manner to the way the center of mass m
was utilized in Cirac and Zoller’s original proposal. Thu
it will be possible to perform quantum logic operation
without degradation due to heating, simply by utilizin
these higher modes, which have much slower hea
rates [22]. These modes can be selectively excited
deexcited by tuning the addressing laser to the appropr
mode frequency, and controlling the pulse duration by
appropriate amount, although care must be exercised in
procedure because of the variations in coupling stren
between different ions to the different modes (for deta
see Ref. [19]).
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